We formalized the nuclear mass problem in the inverse problem framework. This approach allows us to infer the underlying model parameters from experimental observation, rather than to predict the observations from the model parameters. The inverse problem was formulated for the numericaly generalized the semi-empirical mass formula of Bethe and von Weizsäcker. It was solved in step by step way based on the AME2012 nuclear database.
Introduction
The main goal of our studies was to determine how well the existing data, and only data, determines the mapping from the proton and neutron numbers to the mass of the nuclear ground state. Another is to find presumed regularities by analysis of observed nuclei masses 1 . In addition is to provide reliable predictive model that can be used to forecast mass values away from the valley of stability.
The aforementioned goals stimulated us to try to clarify the features and to find hidden regularities of the well known semi-empirical mass formula of Bethe-Weizsäker (BW), based exclusively on experimental data. A set of experimental nuclear masses from AME2012, the most recent evaluation database, that was published in December 2012 in 2 , constitutes the raw material for this work. Only measured nuclei are included into our consideration. The masses extrapolated from systematics and marked with the symbol # in the error column are not taken into account here. Therefore we use only 2564 experimental nuclear masses, including the Hydrogen atom, to provide a deep understanding of the mutual influence of terms in the semi-empirical BW mass formula.
In present work we demonstrate the applicability of the inverse problem (IP) approach for solution of such nuclear physics problems. First we formalize the nuclear mass problem in the framework of the IP. Second we propose the generalized form of the BW mass formula, which helps us to discover the latent regularities in the nuclear masses. Afterwards we provide a solution of the formalized IP that has been obtained with the help of the Alexandrov dynamic auto-regularization method of the Gauss-Newton type for ill-posed problems (REGN-Dubna) [3] [4] [5] , which is a constructive development of the Tikhonov regularization method 6,7 for ill-posed problems. The formalism of the applied approach is given in Sec. 2. The numerical generalization of the BW mass formula is described in Sec. 3. The main conclusions of the paper are drawn in Sec. 4, which also includes a discussion of the principal results, the resulting rms deviations.
Theory and Method
IPs are based on the comparison of the theoretical and experimental data by solving the system of the nonlinear operator equations on the field of real numbers R of following type:
where
R n and R m are the n and m dimensional real coordinate space, that corresponds to the x and y respectively.
The Eq.(1) typically involve the estimation of certain quantities based on indirect measurements of these quantities. The estimation process is often ill-posed in the sense that noise in the data may give rise to significant errors in the estimate. In other words, the problem Eq. (1) is ill-posed 8 if its solution does not depend continuously on the right hand side y, which is often obtained by measurement and hence contains errors, y δ − y ≤ δ, where y δ is the measured perturbed data, δ is the experimental uncertainty. Operator F is a forward modeling nonlinear operator, that transforms any model x into the corresponding data y. The IP is formulated as the solution of the operator equation. Therefore, Eq.1 connects the unknown parameters of the model with some given quantities (variables) describing the model, in our case atomic mass number, A, and proton mass number, Z. These quantities take the form of the so-called input data.
Techniques known as regularization methods 3, 4, 7, 8 have been developed to deal with this ill-posedness, to get stable approximations of solutions of Eq.(1). In the current work we apply the Alexandrov method 3,4 , which we found an appropriate choice for our IP that will be formulated in the next section.
Parameterization of the Bethe-Weizsäcker mass formula
A careful analysis of the previous attempts of calculation nucleus masses reveals that all models can reproduce experimental/empirical trends on the average [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In order to overcome this issue we consider a parameterized nonlinear dynamical system of equations for determining nuclei and atomic masses from the experimental bound-state energies, which can be written using matrix notation of Eq.1 as:
where F is the rectangular d × m {d = 1, . . . , N data ; m = 1, . . . , N param } Jacobian matrix composed of the Frechet derivatives with respect to the model parameters. Each system of Eqs.(2) contains 2564 equations, which correspond to the number of the experimental data-points. Therefore, these systems are overdetermined because the number of considered equations exceeds the number of parameters used in the fit. The right hand side of these equations represented by the vector of the observed experimental data, j is the component of this vector, also it indicates the nonlinear equation in the system.
The solution of the overdetermined system of Eqs.(2) for the binding energy and its model is given by the real values of the parameters a i (i = 1, . . . , N param ).
In order to proceed further one have to choose the initial model for description of the binding energy. The BW mass formula was chosen for this role, since it provides the baseline fit for all the rest models [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . The generalization of the BW mass formula for the binding energy per nucleon in our approach has the following form:
The term δ(A, Z) is equal to 1 for even N, Z; -1, for odd N, Z and 0, for odd (Z + N ). The detailed description of all the rest terms of Eq. (3) is beyond the focus of the current note, therefore for a curious reader we recommend this Ref. 23 for more detailed examination. However, note, that totally in our parametrization we use 17 linearly independent variables and 241 free parameters.
In order to solve all systems of Eqs. (2) we adopt the following procedure. First, we searched for the appropriate solution for the binding energy for the given A and Z. The obtained solution was used as an approximation ('fake solution') to find the atomic masses, the solution for atomic masses was in turn used to find nuclear mass. Then, the fit is performed again, allowing the binding energy to vary for the given A and Z. The resultant binding energy is then taken to be a new seed, and this procedure is repeated iteratively until convergence is reached for all systems. Indeed the system converge due to applied iterative process and due to theorems proved in Ref.
3,4 .
Results
The presented parameterization of the binding energy allows us to solve the formulated IP, with the help of the Aleksandrov's auto-regularized method. This solution provides us description of the 2564 nucleus masses and their binding energies starting from −4 for atomic mass and binding energy respectively. Mean absolute error,¯ abs , is −0.0509 and 7.8488 × 10 −4 for atomic mass and binding energy respectively. The maximum absolute deviation is less than 2.6 MeV for the atomic mass and less than 0.82 MeV for the binding energy. The mean modified error,¯ mod , of our solution is of 1.232(1%) -1.231(5%) MeV, the σ mod of 1.11(1%) -1.565(5%) MeV (assuming that the theoretical uncertainty varies between 1% and 5%) for the atomic mass. While for the binding energy, using the same assumption for band of the theoretical uncertainties, we obtain¯ mod , of fit of 0.044(1%) --0.0057(5%) MeV, the σ mod of 0.209(1%) -0.223(5%) MeV, which can be compared with the latest fits for all modern mass formulas [30] [31] [32] [33] [34] [35] . The obtained results and validation of our approach on the big set of the experimental data allows us to probe the outer boundary of the island of enhanced nuclear stability. The reshaping of the nuclear landscape, illustrated in Fig.1 , is the results of such probe. In finding both the proton and neutron drip lines, two neutron (S 2n ) and two proton (S 2p ) separation energies were used. The two-neutron and two proton drip lines are reached when S 2n ≈ 0 and S 2p ≈ 0, respectively.
Summary
We found that results of the verification of the Bethe-Weizsäcker mass formula in the IP framework greatly improve the agreement between the experimental masses and the calculated ones and thus predicts the driplines more accurately than calculated earlier [36] [37] [38] with the modified BW mass formula alone. This in turn allows us to make a prediction for the binding energy, nuclear and atomic mass, and mass excess of the recently discovery nuclei at the DGFRS separator 39 , see Ref. 23 . Moreover, this finding together with the asymptotic behavior, and accurate predictions of the binding energies of all known isotopes allows us to obtain quite precise predictions for the location of the proton and neutron drip lines, and claim the exact number of bound nuclei in the nuclear landscape, see Fig.1 . We would like to comment that this result is not in a conflict with respect to the problem of the critical charge in QED, for interested reader we refer to 40 , where one may find all necessary details. We are of course aware that the super-heavy isotopes in Fig.1 cannot be produced at present and may be even at future facilities and that, so far, only theoretical studies may be carried out in such region of the nuclear chart.
The concept of ill-posed problems and the associated regularization theories seem to provide a satisfactory framework to solve nuclear physics problems. This new perspective can be used for testing the applications of the liquid model in different areas, for forecasting the mass values away from the valley of stability, for calculation of kinetic and total energy of nuclear proton, alpha, cluster decays and spontaneous fission, for preliminary research of island stability problem and the possibility of creating new super-heavy elements in the future.
